The equilibrium properties of ionic microgels are investigated using a combination of the PoissonBoltzmann and Flory theories. Swelling behavior, density profiles, and effective charges are all calculated in a self-consistent way. Special attention is given to the effects of salinity on these quantities. It is found that the equilibrium microgel size is strongly influenced by the amount of added salt. Increasing the salt concentration leads to a considerable reduction of the microgel volume, which therefore releases its internal material -solvent molecules and dissociated ionsinto the solution. Finally, the question of charge renormalization of ionic microgels in the context of the cell model is briefly addressed. *
I. INTRODUCTION
Cross-linked microgel particles are quite remarkable due to their large sensibility on the external conditions [1] [2] [3] . The interactions among these particles are known to be strongly influenced by experimentally controlled quantities such as the temperature, the solvent quality, the particle concentration, the ionic strength or the degree of cross-linking, among many others [3] [4] [5] . Depending on the particular way these particles are synthesized, different effective interactions among them can be induced [6, 7] . Another way to drive desirable effective interactions among these particles is by submitting them to controlled external fields [8] . The possibility of steering the dynamical and equilibrium properties of such particles through changes in the surrounding environment makes them promising in a number of chemical, biological as well as medical applications [6, 9, 10] . In contrast to most of the traditional hard colloidal systems, the soft nature of the short range interactions of microgels opens the possibility to synthesize systems with extremely high packing fractions [11] . Another important characteristic that distinguishes microgels from hard colloidal particles is their permeability. Depending on the external conditions, solvent molecules can flow into or leave the microgels, resulting in a swelling (or de-swelling) of the cross-linked network. The fact that microgels can exchange particles with its environment makes them well suitable for their application in the design of drug-delivery mechanisms, where molecules can be encapsulated -and further released -in specific targets through this swelling process [4, 6, 9, 10] .
When in contact with an aqueous solvent, a fraction of monomers inside the microgels become dissociated, releasing their counterions into the bulk solution. The resulting system is then composed of microgels with their charged cross-linked polymer chains, solvent molecules and counterions, along with possible ions of dissociated salt [2, 3, 12] . The presence of charged components strongly increases the system complexity. Apart from the long range nature of the Coulomb interactions, contributions from the charge balance due to the addition of salt -the so-called Donnan equilibrium effects -must be carefully considered [13, 14] . In addition, the presence of salt is known to have a non trivial influence in the underlying thermodynamics of charged systems [15] . Due to the strong electrostatic interactions between counterions and the charged backbones, the majority of the former will remain trapped inside the microgels, while solvent molecules can flow freely through the microgel-solution interface. The equilibrium properties are then mostly dictated by the chemical equilibrium between these components across the interface [1, 16] , along with the elastic contributions from the cross-linked network.
A theoretical description which takes into account the chemical and physical contributions in charged microgel systems in a detailed level is way too complex. In this context, simple approximate models which help to highlight the key physical mechanisms of the underlying phenomena prove to be extremely useful. When dealing with charged objects in the presence of monovalent ions in an aqueous environment, the mean field Poisson-Boltzmann (PB) theory provides a manageable description, yet with an excellent degree of accuracy [12, 17, 18] . Contrary to most of the liquid-state integral equation theories, the PB equation allows for a transparent physical interpretation of complex phenomena involving charged components -whenever the mean-field picture holds. It has been successfully applied to describe a variety of complex systems where macromolecules are surrounded by monovalent ions [12, 18] .
The aim of this work is to provide a self-consistent description of the equilibrium properties of microgel solutions at different ionic strengths. This is done through a combination of the mean field PB approximation for the ionic contributions and the classical Flory theory for the polymeric and solvent interactions, as well as for the polymer-network elastic contributions. While the majority of the previous works on the swelling properties was mostly concerned with thermoresponsive microgels [16, [19] [20] [21] [22] , stiffness contributions [10, 23] or electrostatic effects in the absence of salt [24, 25] , the focus of this work will be to establish the effect of salt on the equilibrium properties of ionic microgel solutions.
The remaining of this work is organized as follows. In section II, the system under consideration is described in some detail. The construction of the variational mean-field theory is made in section III, along with a description of its numerical implementation. The results for several equilibrium properties are presented in section IV, followed by discussion and conclusions in section V.
II. THE SYSTEM
We consider a system of cross-linked microgel particles immersed in an aqueous environment at fixed room temperature. The microgels are made of N flexible chains, each of which carries a number m of spherical monomers of radius r m . Due to the high solvent dielectric permittivity, a fraction f of these monomers dissociates producing Z = f Nm anionic monomers and Z = f Nm cationic counterions. Besides microgels, strong 1:1 electrolyte (salt) at concentration c s is also present in the solution. Dissociation of salt leads to additional coions (anions) and counterions (cations) each at concentration c s . For simplicity, we will assume that both ions and solvent molecules are spherical objects of radius r i . . A fraction f of the monomers is dissociated (blue big spheres), releasing their counterions. Both counterions (small red spheres) and coions (small blue spheres) are free to move all over the WS cell volume. The solvent is represented by the background in which particles move.
Instead of considering the full microgel solution explicitly, we adopt a Wigner-Seitz (WS) cell model, in which a single microgel of radius a is placed at the center of a spherical cell of radius R (see Fig. 1 ). The cell is taken to be electrically neutral, and its radius R is determined by the concentration of the microgels inside the solution, V = 4πR
where ρ is the overall microgel concentration. Both microions and solvent molecules are free to move throughout the cell volume, while the fixed polymer backbones are confined in the interior of the microgel.
III. THE MODEL
We begin by constructing the total free energy inside the cell as a function of the microgel radius a, for a given salt concentration c s inside the WS cell, fraction of dissociation f and density ρ. This free energy can be split into ionic, solvent and elastic contributions, βF = βF ion + βF sol + βF el . We now turn to the calculation of each one of these terms separately.
A. Ionic free energy
The ionic free energy can be written as a functional of the ionic particle distribution inside the cell, ρ ± (r). The inhomogeneity is provided by the interaction between the ions and the charged monomers lying inside the microgel. We adopt here a mean field description in which the electrostatic correlations and the exclusion volume effects are ignored. Furthermore, we will suppose that the polyelectrolyte network of the microgel provides a uniform charged background in which cations and anions move. The charge density ̺ m (r) of the background is:
where q is the elementary charge and Θ(x) is the Heaviside step function. Within the mean-field approximation, the ionic free energy can be written as
where ̺ ± (r) ≡ qρ ± (r) are the ionic charge distributions, λ is the thermal de Broglie wavelength and ψ(r) is the mean electrostatic potential inside the WS cell. The first term on the right-hand side of this expression is the ideal-gas contribution of the mobile ions, while the second term represents the electrostatic energy. At this level of approximation, the ions are free to penetrate the microgel, resulting in a large counterion condensation. The Lagrange multiplayers µ i have been introduced in order to fix the total number of coions and counterions N ± inside the cell:
where N − = c s V and N + = c s V + Z. In equilibrium, the density profiles should be the ones that minimize the functional F ion [ρ ± (r)] subject to the conditions (3). Applying the minimization condition, one easily finds ρ ± (r) = c ± e ∓βqψ(r) , where c ± ≡ exp(βµ ± )/λ 3 .
Together with the Poisson equation, this relation leads to the Poisson-Boltzmann equation
for the mean electrostatic potential:
where φ(r) ≡ βqψ(r), λ B = βq 2 /ǫ is the Bjerrum length and ǫ is the solvent dielectric constant. This equation is numerically solved under the condition of charge neutrality inside
Once the numerical solution is obtained, the corresponding ionic contribution to the free energy follows directly from the substitution of the ionic profiles
It is important to keep in mind that the solvent has been so far considered only implicitly, through its permissibility ǫ. Another relevant point to be stressed relies on the fact that the ionic distributions resulting from this variational procedure are not the optimal density profiles for the set of parameters considered. The equilibrium density distributions will be the ones that satisfy the condition of minimization of the total free energy, to be described in the following sections.
B. Solvent free energy
The solvent is modeled as a uniform background in which the ions move. Like the ionic species, the solvent molecules can go all the way to the interior of the microgel particle, resulting in its swelling. Neglecting solvent-ion and solvent-solvent interactions, the solvent contribution to the free energy can be written as a sum of entropic and solvent-polymer contributions, βF sol = βF id + βF sol−pol . The ideal gas contribution is being the corresponding particle numbers. For a fixed microgel radius a, these quantities can be easily expressed in terms of the number of ions condensed inside the microgel particle, N cond . To this end, we assume that the "empty" space -which is neither occupied by ions nor by the polymer backbones -is the total volume of the solvent background:
Assuming the solvent molecules as spherical particles having the same size as the ionic species r i , the number of such molecules inside and outside the microgels can be simply written as
In order to construct the solvent entropic free energy, it only remains to calculate the number of ions which lie inside the microgel, N cond . This quantity is self-consistently obtained once the density profiles ρ ± (r) for the given microgel size a have been calculated through the PB equation (4):
Apart from the entropic contributions, the solvent free energy also contains the contribution from the interaction between the solvent and the hydrophobic polymer backbones inside the microgel. According to the mean-field Flory theory, this quantity is given by
where χ is the Flory solvent-polymer parameter [1] . Clearly, for a hydrophobic polymer backbone χ > 0 this contribution has the effect of repelling the solvent molecules from the interior of the microgel.
Despite its implicit functional dependence on the ionic profiles via Eq. (10), it is important to note that the solvent free energy has been not considered in the functional minimization procedure that leads to Eq. (4). This is because size effects are here fully ignored at the functional level of description. Furthermore, ionic and solvent contributions are treated at quite different levels of approximation, and therefore considered as decoupled from one another. In the present description, there is no real solvent-ion interactions, and the only ionic effect in the solvent contributions is to effectively reduce the overall volume available for the solvent molecules to move in, leading to a renormalization of its volume fractions.
A complete solvent description would require a construction (and mutual minimization) of a coupled solvent-ion density functional, as well as density-dependent solvent-polymer interaction [26] [27] [28] .
C. Elastic free energy
Upon deformation, the microgels experience an elastic response as a result of the change in the conformation of their polymer chains. Assuming a microgel is isotropic, the elastic contribution to the free energy can be written as [1, 29] 
where α is the microgel expansion factor, which is proportional to the ratio between its actual volume V and the volume in the unstressed state V 0 :
In the second equality of this expression, we have used the fact that the unstressed, equilibrium volume corresponds to the dry state where monomers and counterions are in their close-packed configuration.
D. Equilibrium condition
Once the equilibrium density profiles ρ ± (r) are obtained through the solution of the PB equation, Eq. (4), at fixed microgel radius a, the total free energy inside the cell as a function of a can be calculated by combining Eqs. (2), (5), (11) and (12),
For a given number of chains N, number of monomers per chain m, salt concentration c s and a fraction of dissociation f , the equilibrium state will be determined by the minimization of the free energy with respect to the microgel radius, keeping constant all the remaining system parameters: ∂βF ∂a
This condition is equivalent to the mechanical requirement that the internal microgel pressure must be exactly balanced by the external one across the microgel-solution interface.
The equilibrium microgel size as determined by Eq. (15) will be dictated by the balance between several competing interactions. Firstly, the electrostatic contributions act in the sense of reducing the overall charge density inside the charged microgel, therefore increasing its size. The physical picture behind this is that similarly charged monomers will try to be as far as possible from one another, leading to a stretching of the polymer chains. On the other hand, entropic effects make some counterions to leave the microgel, leaving space for the solvent molecules to come in. At the same time, solvent entropy tries to produce an uniform solvent distribution throughout the cell, leading to the penetration of solvent particles into the microgel. This contribution is counterbalanced by the repulsive solventpolymer interactions, which will try to expel the solvent out from the microgel. Finally, there is the elastic penalty for stretching the network, always trying to bring the microgel back to its unstressed state. 
where E(r) ≡ βqψ ′ (r) = φ ′ (r) is the reduced electric field inside the cell, with the charge neutrality requiring that E(R) = 0. The first term on the right-hand side of this expression represents the contribution to the electric field provided by the homogeneous monomer charge distribution, while the second term accounts for the inhomogeneous ionic distribution inside the cell. The coefficients c ± are determined from the equilibrium distributions ρ ± (r) = c ± e ∓φ(r) , together with the requirement (3) of fixed number of ions inside the cell,
and are themselves functionals of the electric field. It is easy to check that the solutions of Eqs. (16) and (17) automatically satisfy the desired boundary condition E(0) = 0.
The set of equations (16) and (17) have to be solved in a self-consistent fashion. This can be done by a direct Picard-like iteration procedure: starting from a guess field E 0 (r), the right-hand side of Eq. (16) is numerically evaluated, allowing for the calculation of the output function E(r). A new estimation for the electric field is then constructed by taking a proper combination of input and output fields, and the procedure is repeated until convergence is achieved. In most of the cases, however, this direct iteration procedure is unstable, resulting in non-convergent solutions. In order to stabilize the iteration procedure, a suitable combination of several previous input functions had to be taken. The coefficients for this combination are conveniently calculated according to the minimization criteria described by Ng [30] , which strongly optimize numerical convergence. In the high charge regimes, up to 50 coefficients had to be taken at each iteration step in order to achieve convergence.
The numerical accuracy of the calculated ionic free energies was established by checking the equality of the osmotic pressure as calculated from the numerical derivative of Eq. (2) with respect to cell volume, with the one resulting from the application of the contact value theorem at the cell edge [17] , to a reasonable degree of accuracy.
IV. RESULTS
Following Ref. [25] , we consider microgels comprising a total of Nm = 3 × 10 7 monomers of radius r m = 3.2Å each, along with ions of radius r i = 2Å. The WS cell radius is R = 2µm, corresponding to a concentrated microgel solution with overall density ρ = 0.03µm We are now going to analyze separately three different aspects of this system, namely its swelling properties, the density profiles, and the effective charge of the microgel particles.
A. Swelling Fig. 2 shows the effects of salt on the swelling process, in the case of microgels with N = 3×10 5 chains, for different renormalized Flory parameters χ R ≡ χ(r i /r m ) 3 and different dissociation fractions f . Clearly, the increase in salt concentration leads to a considerable reduction in the particle size. This is a consequence of the strong ionic imbalance across the microgel-solution interface, which results in an increase of the pressure exerted by the external ions on the microgel surface (Donnan effect). The de-swelling is more pronounced in the limit of a athermal solvent (χ R = 0), where the microgel volume is in all the cases reduced by a factor of 8 when the salt concentration changes from zero to c s ≈ 0.5mM. As the Flory parameter increases, the repulsive solvent-polymer interaction becomes stronger, forcing the solvent molecules to leave the microgel, therefore decreasing the particle volume.
For the highest Flory parameter considered, χ R = 0.5, this effect becomes dominant, and addition of salt has only a small effect on the microgel size. The same scenario is observed in the case of microgels with a smaller number of chains (N = 3 × 10 4 ), as is shown in Fig. 3 . The effect of salinity, however, is enhanced in this case. Since the elastic penalty is reduced (see Eq. 12), the microgels are easily deformed by the external pressure, so that addition of salt has a stronger effect. In the athermal solvent situation χ R = 0, the particle volume for c s = 0.5mM is approximately 30 times smaller than the one in the deionized state. Even in the case of stronger solvent-polymer repulsion (χ R = 0.5), the particle size for f = 0.3 changes almost 8 times within this same range.
In all the situations, the microgel radius changes very slowly at small salt concentrations.
However, as the amount of added salt grows beyond some value (c s ≈ 0.001mM for N = 3 × 10 4 and c s ≈ 0.01mM for N = 3 × 10 5 ), an abrupt decay of the microgel size is observed.
This behaviour is quite similar with the one reported in Ref. [31] , where the effect of salt on the de-swelling of neutral microgels was experimentally investigated. Due to the absence of Donnan effect in the case of neutral microgels [13] , the region of de-swelling in that case is shifted to much higher salt concentrations (c s ≈ 100 mM), where then the entropic contributions from the ions become overwhelming dominant [31] . For the two cases of N considered, the swelling of microgels appears to be weakly dependent on the fraction of monomer dissociation f . This trend is verified in Fig. 4 , where the microgel size as a function of f for different salt concentration and Flory parameters is shown. In all the cases, the particle radius increases only a small fraction when the fraction of dissociation changes from f = 0.01 to f = 0.75. For smaller values of f , the microgel size is completely insensitive to the number of dissociated counterions. Contrary to previous works [25] , we find a linear dependence of the microgel radius as a function of the microgel charge for highly charged microgels. Again, both the Flory parameter and the salt concentration are seen to have a strong influence in the swelling process.
B. Ionic Profiles
For a given set of system parameters, the equilibrium ionic density profiles are the ones that satisfy both the PB equation, Eq. (4), and the equilibrium condition, Eq. (15), simul- While the counterions are accumulated inside the microgel, the coions are expelled out of this region. This abrupt change of ionic concentrations resulting from the charge balance across an interface is followed by a strong electric field gradient, and is known in the chemicalphysics literature as the Donnan effect [13, 14] . This effect is more pronounced at small salt concentrations, where electrostatic effects clearly dominate. As the salt concentration increases, the entropic contributions start to rival the electrostatic ones, resulting in more homogeneous ionic distributions. For the same reason, it also becomes favorable for the coions to penetrate the microgel, as can be clearly seen in Fig. 5b . While the ionic inhomogeneities at the microgel surface are smooth for weakly charged microgels (f = 0.0001), the profiles become very sharp in the case of strongly charged macroions (f = 0.05). In this case, the electrostatic coupling is so strong that the counterion penetration is approximately the same for all the salinities considered. Inside the microgel, a local charge neutrality is achieved (zero electric field), resulting in almost uniform distribution functions (Figs. 5c and   5d ). This is followed by a strong electric field difference across the interface, responsible for the charge gradient in this region. Clearly, the uniform pattern observed is a consequence of the homogeneous charge distribution assigned to the microgel charge, Eq. (1). 
C. Effective charges
Due to the strong electrostatic interaction, most of the dissociated counterions remain trapped inside the polymer backbones, as can be clearly seen in Figs. 5a and 5c. As a consequence, the microgels have an effective net charge Z eff , whose magnitude is much smaller than the initial polymer charge, Z eff ≪ Z. Within the present model, the effective charge can be easily obtained as a functional of the calculated density profiles
where E(a) = φ ′ (a) is the reduced electrical field at the microgel surface. The typical behavior of this quantity as a function of the bare polymer charge for three different salt concentrations is displayed in Fig. 6 . For a given set of parameters, the effective charge corresponding to high polymer charges Z shows a weak dependence on the amount of added salt. This result is consistent with the calculated density profiles (see Fig. 5a ) In the case of microgel systems, a clear distinction must be made between the aforementioned effective charge and the concept of charge renormalization, usually employed in the description of hard colloids [12] . While the effective charge represents the net microgel charge -which accounts for the ionic penetration -the renormalized charge is an effective parameter designed to incorporate the strong non-linear effects resulting from the large charge asymmetry between macroions and the small ions. When dealing with linear theories for describing highly charged systems (e.g. Yukawa-like models), it is the renormalized charge which should be used as input to implicitly account for non-linear effects.
In the framework of the mean-field cell model, the renormalized charge can be easily obtained through the so-called Alexander prescription, which has been successfully employed in the case of hard colloidal systems [32, 33] . The basic idea is to linearize the PB equation, Eq. (4), around the potential at edge of the WS cell. The resulting potential φ lin (r) satisfies the following liner equation,
where φ R ≡ φ(R) is the potential at the cell boundary,ρ ± = c ± e ∓φ R are the corresponding ionic densities at r = R, and κ ≡ 4πλ B (ρ + +ρ − ) is the inverse of the (renormalized) screening length. Note that we have replaced Z by Z ren . By extending the linear solution φ lin (r) throughout the cell volume, the macroion charge must assume a different value from the bare charge Z ren ≪ Z, in order to produce the asymptotically correct potential and electric field at the cell boundary [33] . The calculation is done as follows. For a given set of parameters, Eq. (4) is solved numerically, and the electric potential at the cell border φ R is calculated. This potential is then used as an input in Eq. (19) , which is solved under the boundary conditions φ lin (R) = φ R and φ ′ lin (R) = 0. These conditions guarantee that both linear and non-linear solutions provide the same electrostatic potential and electric field at the cell boundary. Eq. (19) can be solved analytically, resulting in the linear potential
for r ≤ a, and
for a < r ≤ R, where γ ≡ 4πλ B (ρ + −ρ − )/κ 2 . The renormalized charge in Eq. (20) follows from the requirement that Eqs. (20) and (21) must be equal at r = a. Applying this condition, the renormalized charge can then be written as
For a given microgel radius a and salt concentration c s , the only input necessary for the calculation of Z ren are the potential φ(R) and concentrationsρ ± , which follow directly from the nonlinear solution of the PB equation.
In Fig. 7 , the linear potential from Eqs. (20) and (21) In Fig. 8 the renormalized charge resulting from Eq. (22) with the bare polymer charge in this linear limit, Z ren ≈ Z. On the other hand, for highly charged microgels, the effective charge is much larger than the renormalized one, Z eff ≫ Z ren , the discrepancy being larger in the absence of salt. This is a reflection of quite different functional behaviors: while the effective charge grows as a power-low for large values of Z (see Fig. 6 ), the renormalized charge reaches a saturation regime. A similar scenario has been also observed in the case of hard colloids in the presence of monovalent ions [33] . In addition, the renormalized charge is strongly dependent on the amount of added salt, in contrast with the effective one. In order to properly account for strongly nonlinear effects while describing thermodynamic and structural properties of highly charged microgels through the traditional, Yukawa-like theories, it is therefore extremely important to use the renormalized charge (instead of Z eff ) as the relevant input parameter. In the limit of relatively small polymer charges, the linear theory is quite accurate, and the bare polymer charge is sufficient to correctly account for the system properties.
V. CONCLUSIONS
A simple model has been put forward to calculate the equilibrium properties of charged microgels in the framework of the traditional PB and Flory theories. Particular emphasis was
given to the role of salt. While the effective charges are weakly influenced by the addition of salt, a strong salt dependence was found for the swelling behavior, the renormalized charges, as well as for the ionic density distributions. The Alexander prescription for charge renormalization [32] was extended to the situation of penetrable macroions. It was shown that the effective and the renormalized charges are dramatically different in the regime of high microgel charges.
For highly charged microgels, the calculated ionic profiles show a very simple functional behavior, in which both coion and counterion distributions are approximately uniform inside the microgel, resulting in a local charge neutrality. This behavior is clearly a consequence of the uniform charge distribution assigned to the charged backbones [34] . It is known, however, that the highly inhomogeneous counterion distribution of the trapped counterions might have a strong influence on the resulting swelling behavior [34] [35] [36] . A possible improvement of the theory will be to consider non-uniform monomer distributions inside the microgel.
Another limitation of the present model is the absence of the counterion-polymer steric interaction: when calculating the ionic free energy in Eq. (2), it is assumed that the ions are free to move throughout the WS cell. It is well known, however, that the mobility of the counterions is dramatically reduced by the presence of the microgel backbone. A proper way to account for this entropic limitation is to explicitly consider the exclusion volume polymer-ion interaction. Once a distribution is assigned to the polymer chains, these steric effects can be incorporated with the formulation of a weight-density functional theory, in the framework of the Rosenfeld fundamental measure theory [37, 38] . A work along these lines is currently in progress.
